Definition of L − (X) and preliminaries
If F is a set-valued map from a topological space X to a topological space Y (equivalently, F is a subset of X ×Y ), then F is called lower semicontinuous (lsc) provided for each x ∈ X and open subset V of Y intersecting F (x), there exists a neighborhood U of x such that F (x ) ∩ V = ∅ for all x ∈ U . A lsc map F is called a lsco map [9] provided that F (x) is a nonempty compact set for all x ∈ X and a lsco map F is called a clsco map [9] if F (x) is connected for all x ∈ X. We will restrict our attention to Y = R, the space of real numbers. Denote by L(X) the family of lsc subsets F of X × R such that F (x) is a nonempty interval for each x ∈ X. We say that a subset F of X × R is locally bounded provided that for each x ∈ X, there exist a neighborhood U of x and a ∈ R, a > 0 such that F (x ) ⊆ [−a, a] for all x ∈ U . We define a subset F of X × R to be maximally lower semicontinuous (maximally lsc) provided it is lsc and is not a proper subset of any lsc subset of its closure.
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L 'UBICA HOLÁ -DUŠAN HOLÝ
Denote by L − (X) ( [9] ) the set of clsco maps from X to R that are maximally lsc and locally bounded. Specifically, F ∈ L − (X) if and only if
(2) F (x) is a nonempty compact interval for all x ∈ X; (3) F is maximally lsc; and (4) F is locally bounded.
We will consider the Vietoris topology V on L − (X), where the basic open subsets of L − (X) are the subsets of the form
and each
If U is a family of sets, then we put
The topology generated by sets of the form W + is called the upper Vietoris topology, and the topology generated by the sets of the form W − is called the lower Vietoris topology. Denote by V + the upper Vietoris topology on L − (X). It is known that for a Tychonoff space X the upper Vietoris topology V + on the space C(X) of continuous real-valued functions defined on X coincides with the Vietoris topology V .
We will also work with the space L(X) of upper semicontinuous set-valued maps with nonempty compact interval images.
Let N be the set of positive integers. In [9] the following useful lemma is proved. 
SPACES OF LOWER SEMICONTINUOUS SET-VALUED MAPS
Take an element f ∈ C(X) such that f ⊆ F . Using the normality of X and Tietze's Extension Theorem, the function f can be modified to obtain g ∈ C(X) such that g ∈ G (see the proof of [7: Lemma 4.2]).
ÈÖÓÔÓ× Ø ÓÒ 1.1º Let X be a Tychonoff space. The following are equivalent:
(5) X is countably compact.
Suppose X is not countably compact. We use an idea similar to that in [6] . There is an infinite set {x n : n ∈ N } in X without an accumulation point.
For
For every n ∈ N , let c n ∈ (a n , b n ) be such that 0 < c n < b n . Consider the set
Indeed for each n ∈ N , there is a continuous function
(5) =⇒ (3) If X is countably compact, then the Vietoris topology V on C(X) coincides with the topology τ u of uniform convergence [4] and (C(X), τ u ) is completely metrizable.
The fact that (4) implies (1) is because the Vietoris topology on C(X) is submetrizable (it contains τ u ), and therefore points are G δ -sets. AČech-complete space in which points are G δ -sets is first countable [8] .
ÈÖÓÔÓ× Ø ÓÒ 1.2º Let X be a Tychonoff space. The following are equivalent: (1) =⇒ (2) and (2) =⇒ (3) are trivial. (3) =⇒ (4) The uniform topology τ u is weaker than the Vietoris topology V on C(X). Thus also (C(X), τ u ) has a countable chain condition. By [11] , X must be compact and metrizable.
(4) =⇒ (1) If X is compact and metrizable, the Vietoris topology V on C(X) coincides with the topology τ u of uniform convergence, which is second countable if X is compact and metrizable.
Topological properties of L − (X)
Ì ÓÖ Ñ 2.1º Let X be a normal space without isolated points. The following are equivalent: P r o o f. Define the multifunction F as follows:
. Since C(X) is dense in (L
Suppose by the way of contradiction that {G n : n ∈ N } is a local base at F . Without loss of generality we can suppose that every G n is of the following form
an open element of L(X) with W n (x) bounded for all x ∈ X, F ⊂ W n and F n is a finite family of sets of the form U × (a, b) , where U is open in X and (a, b) is an open interval in R and F ∈ F − n . We can suppose also that G n+1 ⊆ G n for every n ∈ N .
For every n ∈ N we have that sup F (x) < sup W n (x) for every x ∈ X. Let n ∈ N and let q n ∈ R be such that sup F 1 n < q n < sup W n 1 n and q n < 1 for every n > 1.
Define the function f : X → R as follows:
It is easy to verify that the function f is lower semicontinuous. Let g be the function on X identically equal to −2. Put
Then W is open in X × R and F ∈ W + . We claim that there is no n ∈ N with G n ⊂ W + . Suppose there is n ∈ N with G n ⊂ W + . Then also G n+1 ⊂ W + , so we can suppose that n > 1. 
In the next part of our paper we will present some further results concerning topological properties of (L − (X), V ).
ÈÖÓÔÓ× Ø ÓÒ 2.1º Let X be a normal space without isolated points. Then the
is continuous injection. First we show that (L(X), V ) is submetrizable. Let ρ be a compatible metric on X × R and W ρ be the Wijsman topology on CL(X × R), the space of nonempty closed subsets of X × R. It is known ( [1] ) that (CL(X × R), W ρ ) is metrizable and W ρ is weaker than the Vietoris topology on CL(X × R). Thus also (L(X), W ρ ) is metrizable and the Wijsman topology W ρ on L(X) is weaker than the Vietoris topology
be equipped with the usual Euclidean topology. Then
is submetrizable, and therefore points are G δ -sets. AČech-complete space in which points are G δ -sets is first countable [8] , contradicting with Example 2.1.
Ì ÓÖ Ñ 2.2º Let X be a perfectly normal space with a countable pseudobase.
We use an idea from [6] . There exist real-valued functions f, g on X which are lower and upper semicontinuous respectively such that f ≤ g and F (x) = [f (x), g(x)] for every x ∈ X. By [3: 1.7.15(c)], there is an increasing sequence {f n : n ∈ N } of continuous realvalued functions on X such that f (x) = lim f n (x) and a decreasing sequence {g n : n ∈ N } of continuous real-valued functions on X such that g(x) = lim g n (x) for every x ∈ X. Define the set
Let {U n : n ∈ N } be a countable pseudobase in X and {V n : n ∈ N } be a countable base in R. Let U be the family of sets of the form U i × V j such that F (z) ∩ V j = ∅ for every z ∈ U i . Now define the family 
